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A K -NN classifier [1][2] associates a classification label to an input as the majority of its K nearest training samples.
This classification rule, which does not require a proper training phase, tends asymptotically to the optimal Bayes’s
classifier provided that k grows less than linearly w.r.t. #» [3] but no indications are given regarding the optimal
selection of k having a #-sized sample training set.

In general, identification of the optimal k, i.e., the k leading to the optimal classification accuracy for a given 7, is
carried out with a Leave-One-Out (LOO) technique [4], which, even if it does not require a-priori information, is
computationally expensive. Existing theoretical results (e.g., [1]-[3]) focus on the asymptotic relationships between k
and 7 but do not address the nonasymptotical case.

In the research we investigate the issues leading to the identification of the optimal k in K-NN classifiers in
correspondence of a sufficiently large 7. Results are pdf-dependent but can be easily used to derive, at the numerical-
experimental level, indications about the relationships among the optimal k, the robustness of the generalization
error w.r.t. K and the number of training samples, hence shedding light on the intrinsic behavior of k-NN
classifiers.

Determination of the optimal k requires two subsequent logical steps:

1. identifying a neighborhood of an input point containing, in probability, k samples

2. estimating the classification error probability and relate it to k ; the optimal k can then be derived by minimizing
the classification error.

Validity of results, here applied to the two-class classifications problem, can be extended to cover multi-class
applications.

Step 1: neighborhood identification

Let XeT R be the input vector and y € {a)l, a)z} the associated binaty classification output, respectively. p(x) ,

p(w,) and p(w,) refer to the pdfs of inputs, and outputs (with p(w) =1- p(w,)); P(X| @) and p(x|w,) are
their respective conditional probability distributions. f (X, k) represents the classification function catried out by

the k -NN classifier.
Define Q(X,r) to be the d-dimensional hypersphere centered at X of radius 7and q(X,r) the integral of p(x)

over Q(X,r). In probability, Q(X,r) contains k training samples, when radius ™ satisfies (X,r*) =k/n. The
reason for considering a spherical neighborhood derives from the operational nature of the traditional k-NN
classifier, which identifies the k nearest training samples of point X through the Euclidean distance.

Step 2: minimizing the classification error
Classification f (Y, k) of sample X in Q(X,r) introduces an error whenever the correct output value y differs
from f (X, k). The error probability p,(X,K) is hence the probability of having more than (k-1)/2 training

samples in Q(X, ) associated with the wrong class @;.;, i.c.,

pe(x,k)=zj_{z;_k;+l[ii](qm, xr9Pl-a, (x,r*))“mexm,-)p(w,-) M



where |_k1—| = kp(a)l) represents the number of training samples of class @, k2 =k - k1 is the number of training
samples of class @, and A, (X, r*) = J. p(x| o; )dx .
Q(X,r*)
(1) can be structurally simplified when N — 00 . In such a case, the Binomial disttibution can be approximated
with a Poisson distribution [6] and (1) simplifies as
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p.(xK)=D" p(X|@;)p(w;) (2)

By integrating either non-asymptotical (1) or asymptotical (2) over the input domain we obtain the error

probability Pe(k) = I P, (x,k)dx - The optimal value of k given # training samples is the one minimizing P, (k):
T

k° = mingP, (k)} 3)

with the dependence of # hidden in the q(X, r)s.

In general, (3) cannot be solved in a closed form for any application; yet it can be solved numerically provided that
the required probability density functions or an estimate are available or can be derived from the data. The numerical
procedure for solving (3) is finally given in Algorithm 1.

Algorithm 1: Determining the optimal k in k -NNs classifiers
1. Determine I'*(X,r) from q(X,r*)=k/n;
Compute (, (X, r*) , =12

2
3. Estimate p,(X,K) with (1) or (2);
4. Estimate P, (k) = I P, (x,K)dx;

T

5. Minimize P,(k) and obtain ke,

From simulation it appears that (3) is robust w.r.t. K. As such, any estimate close to K® will practically work well.
Results, together with a critical view of the methodology and details will be presented at the workshop.
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