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Sparse coding algorihtms are shown to produce good models for natural images [5, 1, 3]. An input
signalx ∈ Rm is represented using a linear combination of features which are columns of the dictionary
matrixD ∈ Rm×n, using coefficientsz ∈ Rn, with n > m. Many sparse coding algorithms have been
proposed in the literature and in this work we focus on the following convex formulation:

min
z

1

2
||x −Dz||22 + λ

∑

i

|zi| (1)

This particular formulation has been extensively studied and it has also been extended to the case when
the dictionaryD is learnt, thus adapting to the statistics of the input. Dictionaries learned using sparse
coding models contain edge filters at different locations, orientations and scales resembling gabor func-
tions. The model that is learned by sparse coding models is local patch based model of images, therefore
a siginificant portion of the dictionary is used for modeling a particular filter atmany locations. How-
ever, for many practical applications, these models are applied on large images, thus producing highly
redundant representations. In order to avoid this problem a convolutional sparse coding model can be
used to learn a dictionary that does not encode translations. This is effectively equivalent to enforcing a
repeating toeplitz structure for the dictionary in equation 1.

Moreover, in many computer vision applications, one is interested in extractinga feature set for a given
image and sparse representations are shown to be useful features in object recognition tasks [3, 2, 6].
However, an important problem is stability. It is desirable for a representation to be stable under small
perturbations of the input. Sparse representations as produced by equation 1 are not stable, because the
component ofz that best explains a given input, supresses all other similar components. This behaviour
may cause abrupt changes in the representation for very similar inputs. Sample inputs and correspond-
ing representations are given in figure 1, which are obtained by using a convolutional extension to the
coordinate descent method given in [4]. It can be seen that, generally the input is explained using only
a handful of components. In order to avoid such a behaviour, rather than minimizing the sparse coding
energy function itself, given in eq. (1), we propose to minimize the variational free energy corresponding
to the sparse coding energy:

Fβ(x;D) = −
1

β
log

∫

z
e−βE(x,z;D) (2)

One can find an upper bound to this formulation using an approximating distribution Q(z) which can be
assumed to be a gaussian with meanm and diagonal covarianceS (s.t σ2

i = si = Sii, i = 1..d). After
necessary simplifications, the final form reduces to:
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β
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Figure 1:(a) Two sample image parts (20 × 20 pixels) are represented using the dictionaryD shown on
the top. Each element of the dictionary is9 × 9. Corresponding representationsz (12 × 12) are shown
below. (Mid gray level corresponds to zero)(b) The regularization term is in eq. (4) is shown forσ = 1
together with absolute value function.(c) The regularization term is shown for different values ofσ.

whereΦ is the cdf of standard normal distribution. After solving for the mean and standard deviation
of the approximating distributionQ(z), the mean values can be taken as the solution. The complicated
sum in the third term of equation 4 is derived from the second term in equation3 which corresponds to
the sparsity regularization penalty. It can be seen from figure 1 that this term corresponds to a smoothed
version of the harsh L1 penalty function. We show that the representations obtained by minimizing the
variational free energy are more stable and smooth compared the representations obtained by minimizing
the sparse coding energy.
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