Perturbation Methods for Discriminant Analysis
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Discriminant analysis seeks to find a linear subspace that preserves the discriminability in-
formation when data are projected onto the subspace. Considering the optimal discriminability
of the projected distributions in the subspace, the possible criterion for dimensionality reduction
is minimizing the Bayes error:

JI (W) = /min[mpl(W, x), mopa (W, x)|dx (1)

where 7, and 75 are the priors of two classes, and p; (W, x) and po(W, x) are the likelihoods
in the subspace projected by matrix WW. However, finding W that directly minimizes .J; is
analytically intractable.

We can instead solve this problem by minimizing a tractable upper bound. One example is
the Bhattacharyya upper bound which is analytically integrable when two likelihoods are Gaus-
sians. In particular, we consider the Bhattacharyya coefficient which is the log of integrated
Bhattacharyya bound.
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Here, Sy and Sp are the within class covariance and between class covariance in the sub-
space as defined in Fisher Discriminant Analysis (FDA) (Fukunaga, 1990), and >J; and X, are
the projected covariance matrices of two classes. The standard way of optimizing this criterion
is gradient descent, but this may be problamatic if the landscape has many local minima. Also,
one cannot apply deflation with this method in order to determine each column of I/ one by
one.

We investigate how to optimize the Bhattacharyya criterion with the same complexity of
eigenvalue problem. First, we note that this criterion is composed of two separate terms
which are easily solvable by themselves. One situation arises when the two Gaussians are
homoscedastic. In this case, the solution is the FDA solution using just the first term of the
Bhattacharyya criterion. The other situation arises when the two means are identical; in this
case the analytic solution comes form optimizing the second term.

We note that optimizing the complete Bhattacharyya criterion forms two regimes whose
solutions can be significantly different. Figure 1 shows how the solution transitions from FDA
behavior to the other regime as the distance between the means decreases. This can be either a
smooth (2nd order) or discontinuous (1st order) transition.
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Figure 1: Bhattacharyya coefficient for 2 Gaussians in two dimensions as the distance between means vary along
an angle of 0 degree. Red dots indicate global optimal projection directions.
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Figure 2: Analysis of optimal directions for Bhattacharrya coefficient. We show how first order perturbation
influences the unperturbed direction to approximate these optimal directions.

We apply perturbation theory to find the optimal solution along this entire transition region.
We show how to perturb either the analytic FDA or Fukunaga solutions to obtain an analyti-
cally tractable approximation of unsolvable problem. One example of perturbing the log term
solution is shown here:
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where ¢,, is the nth eigenvector satisfies 21 ¢, = A\, 220,,.

Finally, we discuss how to extend this perturbation analysis, and compare our approach with
other conventional approximations.
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