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While Bregman divergences [3] have been used for several machine learning problems in recent years, the
facts that they are asymmetric and does not satisfy triangle inequality have been a major limitation. In
this paper, we investigate the relationship between two families of symmetrized Bregman divergences and
metrics, which satisfy the triangle inequality. Further, we investigate kmeans-type clustering problems using
both families of symmetrized divergences, and give efficient algorithms for the same.

The first family, called Generalized Symmetrized Bregman (GSB) divergences, can be derived from any
well-behaved convex function. In particular, if ¢ is a convex function of Legendre type [5], the GSB divergence
can be defined as:
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where A, B are positive definite matrices and t,t, denote the Legendre conjugates of x,y respectively, i.e.,
ty = Vo(z),ty = Vo(y). Then, we show that (AB — I) being positive semi-definite is a sufficient condition
for the GSB divergence Dng(~, -) to be the square of a metric for any ¢. In addition, there are convex
functions ¢ for which the condition is necessary as well. Further, we show that the metric derived from GSB
divergences can be isometrically in a finite dimensional space [7].

The second family, called Jensen Bregman (JB) divergences, generalizes the Jensen-Shannon diver-
gence [4]. In particular, for a convex function ¢ of Legendre type, the JB divergence is defined as
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While JB divergences are non-negative, symmetric, and zero only when = = y, they are not squares of metrics
in general. We show that square root of JB divergences give a metric only when the associated convex
functions have a certain conditional positive definiteness (CPD) structure. Using results from harmonic
analysis of infinitely divisible distributions [6], we show that the desired CPD structure is present in a
convex function if and only if it is the cumulant function of an infinitely divisible distribution. Among
other things, our result leads to elementary proofs of the metric properties of Jensen-Shannon divergence [4]
and the log-AM-GM divergence. Unlike the GSB divergence, the JB divergences need not have a finite
dimensional isometric embedding. However, using a remarkable result from harmonic analysis [7], we can
show that metrics derived from the JB divergence can be isometrically embedded in a Hilbert space, whose
kernel is intimately related to the convex function generating the divergence.

Motivated by recent advances in clustering with Bregman divergences [2] as well as practical algorithms
for the kmeans problem with provable guarantees [1], we investigate kmeans-type problems using GSB and
JB divergences. We show that the kmeans++ argument [1] readily generalizes to all GSB divergences with
the exact same guarantees. For JB divergences, we outline two different approaches to iteratively optimize
the clustering objective while maintaining the kmeans++ argument. The first approach makes use of the
following fact: while clustering with JB divergences cannot be directly reduced to kernel kmeans, we can
derive an isometric kernel using the convex function which can be used as a surrogate while maintaining
the theoretical guarantees. The second approach is based on a variational approximation to a kmeans-type
iterative optimization that maintains the guarantees as well.

In addition to uncovering precise connections between symmetrized Bregman divergences and metrics,
our analysis brings to light several important results from the harmonic analysis literature that may play an
important role in other areas of machine learning.
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